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Abstract
A system of three point vortices in an unbounded plane has a spe-
cial family of self-similarly contracting or expanding solutions: during
the motion, vortex triangle remains similar to the original one, while its
area decreases (grows) at a constant rate. A contracting conguration
brings three vortices to a single point in a nite time; this phenomenon
is known as vortex collapse and is of principal importance for many-
vortex systems. The self-similar motion (contracting or expanding) is
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not generic, it arises when vortex strengths and initial positions satisfy
two special collapse conditions. Dynamics of close-to-collapse vortex
congurations depends on the way the collapse conditions are violated.
We show, that when two of the vortices are identical, it is possible to
reduce a three-vortex system to a problem of motion of a particle in
an eective potential, dened by initial conditions. Using the eective
potential representation, a detailed quantitative analysis of dierent
types of near-collapse dynamics is performed. We discuss time and
length scales, emerging in the problem, and their behavior as the ini-
tial vortex triangle is approaching to an exact collapse conguration.
Special features of passive particle mixing by a near-collapse ows are
illustrated numerically.
1 Introduction
The importance of point vortex systems in applications is due to the domi-
nant role of coherent vortical structures in many 2D turbulent ows. Exper-
imental and numerical studies performed in [1]-[8] have demonstrated, that
in cases of driven or freely decaying 2D turbulence a number of concentrated
vortices develops out of an originally unstructured ow. In many situations,
dynamics of this nite-size vortices can be reasonably well approximated by
point-vortex models [9]-[11].
The number of vortices in a ow can be quite large, in which case a com-
plete dynamical description gets intractable, but still can yield some impor-
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tant statistical quantities [12, 13]. On the other hand, few-vortex systems can
be investigated in much more detail. Recent interest in this area was mainly
directed towards the study of Lagrangian chaos in dierent settings [14]-[19].
Apart from this, low-dimensional vortex dynamics is essential to understand
the evolution of many-vortex ows, since it describes their "elementary in-
teractions" [20]. Analysis of rare gas of vortex patches, performed in [21]
indicates, that in the limit of low vortex density (vortex occupation less than
one-two percent), strong interactions occur only between three vortices in a
specic way, similar to the three point-vortex collapse. These processes may
be thought of as resonance interactions in the vortex gas.
The phenomenon of nite-time collapse of three point vortices into one
was studied by several authors [20, 22, 23, 24, 25]. For the collapse to hap-
pen certain conditions on vortex strengths and initial positions have to be
satised exactly, so that in a real system, probability of this event is zero:
true resonances do not occur. However, actual vortices have some character-
istic size, and when distance between them gets comparable with their size,
vortices experience a considerable distortion, and may merge together, which
means, that from a broader physical point of view, a collapse can be thought
of as a process which brings vortices close enough (up to their size) to each
other. For three initially well-separated vortices to collapse in the above
sense, their strength and positions may satisfy "resonance conditions" only
approximately. We refer to this kind of motion as near-collapse dynamics.
Its importance stems from the fact, that inter-vortex distances are changed
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considerably (by orders of magnitude) during the motion, which brings the
system to a dierent length-scale, where new physical mechanisms enter into
play.
The dynamics of exact collapse is relatively simple due to a self-similarity
of vortex motion in this case: a triangle formed by vortices (vortex triangle)
rotates and shrinks, but stays similar to the initial one. Vortex triangle area
decreases linearly with time, at a rate determined by vortex strengths and
triangle shape [20]. A spatial reection of a vortex triangle is equivalent to a
time reversal, so that a reection of a collapse conguration will experience
an innite self-similar expansion with the same rate of change of triangle
area.
In this paper we perform a detailed analysis of near-collapse situations,
when resonance initial conditions are slightly distorted, and/or vortex strengths
are not precisely tuned. We restrict our attention to the case when two of the
vortices are identical, for which it is possible to map the dynamics of vortex
separation to a motion of a particle in a one dimensional potential. In section
2 the basic equations of vortex motion, their symmetries and corresponding
rst integrals are specied. Eective Hamiltonian for a three-vortex system
with two identical vortices is introduced in section 3; using which dierent
types of near-collapse dynamics are classied and analyzed. In section 4 we
discuss various routes to collapse, i.e. the manner in which near-collapse mo-
tion types approach self-similarly contracting (expanding) solutions as initial
conguration is taken closer to the exact resonance. In section 5 we give
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a brief illustration of how the approach to collapse aects passive particle
advection.
2 Dynamical equations
Point vortices are solutions of two-dimensional physical systems described
by a conservation equation which is a generalization of the vorticity Euler
equation. The dynamics of generalized vorticity Ω is given by:
∂Ω
∂t
+ [Ω, ψ] = 0 , (1)
where [, ] is the usual Poisson bracket, and ψ is the stream function; an
actual relation Ω = F (ψ) depends on a particular physical system; in case
of Euler equation: Ω = −r2ψ. Equation (1) expresses the conservation of
generalized vorticity along the path lines of the ow.
Point vortices are exact solutions of Euler equation (see for example [26]);
they also are exact solutions in a more general case (1), when Ω = −r2ψ +
ψ/l2s where ψ, in this context, is related to the electric potential (in suitable
units) in plasma, and ls is a hybrid Larmor radius, a characteristic length
which introduces a nite range interaction between concentrated vortices.
In this case the usual logarithmic vortex pair interaction is replaced by a
modied Bessel function K0 interaction.
A point vortex system is dened by a vorticity distribution given by a
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kiδ (x− xi(t)) , (2)
where x is a vector in the plane of the ow, ki is the circulation of i-th vortex,
N is the total number of vortices, and xi(t) is the vortex position at time
t. Using this expression for the vorticity, and solving Poisson equation, in
the Euler case, or Helmholtz equation, in the more general case, one obtains
a stream function of a point vortex system. By Helmholtz theorem [27],
the motion of vortices is determined by the value of the velocity eld at the
position of the vortex. If the velocity eld is written as v = ez ^ rψ +rφ,
where ez is the unit vector perpendicular to the plane of the ow, and φ





= ez ^ ∂H
∂xi
+ kirφ . (3)






kikjU(jxi − xj j) (4)
with the interaction potential U(x) = − log(x) in the Euler case, and U(x) =
K0(x) in the more general case (when ls ! 1 the modied Bessel function
K0(x) tends to ln(x)). The Hamiltonian (4) is invariant under translation






kixi(t) = const. P 
N∑
i=1
kiyi(t) = const. (5)






i (t) + y
2
i (t)) = const. (6)
When the distance between the vortices is smaller than the typical inter-
action length (ls) the behavior of the two systems is similar (K0(x)  ln(x)),
in the opposite case, the energy decreases exponentially and the interactions
between the vortices can be neglected. In the following, analytical compu-
tations will be made using the logarithmic interaction, which corresponds to
the Euler ow, and we can expect the results to be qualitatively valid for the
Bessel interaction as long as the vortices are not too far from each other.
Integrability of a point vortex system depends primarily on two things:
the number of vortices N , and the shape of the domain D, occupied by the
uid [22, 28, 16]. For each domain shape, there exists a critical number
Nmax, such that motion of Nmax vortices in D is integrable no matter what
vortex strengths and positions are, and for some combination of Nmax + 1
vortices their motion is chaotic. Critical number depends on the symmetry
of the uid domain. On an unbounded plane three-point-vortex system is
always integrable, and motion of four vortices is in general chaotic, so that
Nmax(R
2) = 3. For less symmetrical domains Nmax decreases, because of the
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absence of corresponding rst integrals, e.g. for a half-plane and for a circular
domain Nmax = 2, due to the absence of translational/rotational symmetry.
In this paper we consider a case of three vortices in an unbounded domain.
We restrict our attention to the relative motion of vortices, taking inter-
vortex distances Ri as prime variables. The notation we use is illustrated in
Fig. 1. The invariance of the Hamiltonian (4) under translations allows us a
free choice of the coordinate origin, which we put to the center of vorticity
(when it exists). Then, the other two constants of motion (energy and angular
momentum) written in a frame independent form become:

H = − 1
2pi









The equations of motion 3 in the absence of potential ow (φ = const.)
yield the following non canonical system for the dynamics of the inter-vortex
distances:

k−11 R1 _R1 = A/pi(R
−2
2 − R−23 )
k−12 R2 _R2 = A/pi(R
−2
3 − R−21 )
k−13 R3 _R3 = A/pi(R
−2
1 − R−22 ) ,
(8)
where A is the area of the triangle A1A2A3 (see Fig. 1), and _x refers to the
time derivative of x.
The physical system being dened, we shall now focus on the near col-
lapse conguration. As mentioned earlier, for the three point vortex problem,
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under certain conditions, which depends both on the initial conditions, and
the vortex strengths, the motion is self similar, leading either to the collapse
of the three vortices in a nite time, or by time reversal, to an innite expan-
sion of the triangle formed by the vortices. These conditions of a collapse or
an innite expansion of the three point vortices are:





= 0 , (10)
i.e, the harmonic mean of the vortex strengths (10) and the total angular
momentum in its frame free form (9), are both zero. Near a collapse con-
guration, the two conditions (9), (10) allow two dierent ways to approach
the singularity. Namely, we can change initial conditions which changes the
value of K, or change the vortex strength and modify the harmonic mean.
Unfortunately the motion of the three vortices even though integrable is not
easily computed analytically. It then seemed useful to restrict the problem
to some less general case, assuming that the basic mechanisms of collapse
should not dier much in the general case. To emphasize this last statement,
let us rst consider a general collapse situation, for which the total strength
is ktot. The following conditions are then fullled
∑
i





= 0 , (11)
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which are equivalent to
∑
i





The values for the vortex strengths corresponding to a collapse conguration
are therefore located on the circle resulting from the intersection of the sphere
of radius ktot
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and the plane imposing a total vortex strength equal to ktot.
Since we have a circle, we shall assume that, from this point of view, no special
conguration exists, and any should be sucient to describe qualitatively the
dierent possible behaviors.
In the following we will be considering the case, when two of the three
vortices are identical. Since the rescaling of time scales leads to a freedom in
vortex strength normalization, we will assume
k2 = k3 = 1 (13)
Then, in order for a collapse to happen, the strength of the third vortex has
to satisfy (10) which gives the resonance value of the rst vortex: k1c = −1/2.
We will be mostly interested in the situations, when k1 is negative and close
to its resonance value, so we will denote


















Figure 1: Notation chosen for the problem
and dene the deviation from the resonance as
δ = 1/2− k . (15)
3 Near-collapse dynamics of vortices
In the case when two out of three vortices are identical, there exists a con-
venient representation of the system dynamics in terms of a motion of a
particle in a one-dimensional potential, parametrically depending on vortex
initial condition. To derive this representation, we introduce a new set of








3. The constants of motion
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(7) can be written as: 
 = e4piH = Y k/X
K = X − kZ .
(16)
where new parameter  is introduced instead of H in order to simplify for-
mulas.


















Y j sin θj/2
X = Z − 2pY cos θ ,
(18)
which leads to
16A2 = 4Y − (X − Z)2 . (19)
Using the expression for the constants of motion (16), we obtain:
_X2 =
[4k2Y − (K − (1− k)X)2][(K −X)2 − 4k2Y ]
k2Y 2
, (20)
where Y = (X)1/k. This equation has a form of an energy conservation
law for a particle of mass 1 and zero total energy moving in a potential
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V (X; , K, k), dened by
V (X; , K, k)  [(K − (1− k)X)
2 − 4k2Y ][(X −K)2 − 4k2Y ]g
2k2Y 2
. (21)
Indeed, equation (20) can be rewritten as
Heff( _X,X; , K, k)  P 2/2 + V (X; K, k) = 0 , (22)
with Hamiltonian equations
_X = ∂Heff/∂P  P , _P = −∂Heff/∂X . (23)
Thus, dynamics of vortex conguration is governed by an eective Hamil-
tonian Heff , where the shape of the potential well V depends on the initial
vortex positions through the values of rst integrals  and K (16), and the
strength of the rst vortex k.
Eective Hamiltonian representation (22), gives a number of advantages,
allowing to use simple standard techniques for one-dimensional conservative
systems to nd dynamical properties of vortex motion. In a sense, the prob-
lem is reduced to determining the shape of the potential V as a function of
its parameters.
Before proceeding to the analysis of the types of potentials, emerging in
our problem, we have to mention the restrictions, imposed on the system
by the fact that three vortices form a triangle. Since this was not taken
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into account in the derivation of the eective Hamiltonian (22), it may put
additional boundaries on the possible values of X . Note, that since the
eective energy Heff in (22) is always zero, a motion exists only on the
segments where the potential is negative. Therefore, triangle inequalities and
the condition V  0 dene the physical domain of X . Triangle inequalities
jR2 − R3j  R1  R2 +R3 , (24)
written in terms of new variables can be obtained by taking the square of
(24): Z − 2pY  X  Z + 2pY , which is equivalent to
(X(k − 1) +K)2 − 4k2Y  0 . (25)
The condition (25) is equivalent to the positiveness of the right hand side
of equation (19) and translates that the square of the area of the triangle
A1A2A3 is positive. The condition V (X)  0 together with the triangle
inequalities (25) imposes then
(K −X)2 − 4k2Y  0 , (26)
Recalling that Z > 0, we have X  K, which together with inequality (26),
gives nally




Now we have a precise information on where the motion should lie, and
can proceed to the study of dierent regimes of near-collapse dynamics.
Although the eective potential representation is valid for any k 6= 0, we
will restrict our study (and our denition of near-collapse) to the interval
k 2]0; 1[, since the special cases k = 1 (escaping vortex pair) and k = 2
(neutral tripole), as well as the degenerate case k = 0 (two vortices and a
passive particle) bring up their specic singularities, unrelated to the collapse
phenomenon. Let us consider dierent regimes such that each regime cor-
responds to a class of qualitatively similar motions [20]. Using the eective
Hamiltonian representation (22), we infer that dierent regimes may be en-
countered corresponding to the number of roots of the potential V (X; , K, k)
lying within the physical domain. This number changes with variation of the
parameters (, K, k).
Note, that the absolute value ofK depends on the length units and can be
scaled out of the problem. Indeed, the potential V and the physical domain
boundary (27) are invariant under the scaling transformation (compare to
(16))
X ! XjKj ,  ! jKj
δ , (28)
and the problem can be reduced to the study of the three following cases
K = 1 , K = −1 , K = 0 , (29)
where the last case is singular. In the following most of the gures illustrating
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the problem will correspond to the values (29), although we will keep K as a
scale parameter in formulas, keeping in mind, that only its sign is relevant to
distinguish dierent regimes. Note that the scaling of  in (28), which can
be rewritten in terms of vortex energy (7) as
H ! H + δ ln jKj , (30)
leaves  and H unchanged, when δ = 0, i.e. when vortex strengths exactly
satisfy the collapse condition (10). The scales of the motion are determined
by the value of the angular momentum K, while from a pure energetic point
of view the motion would be thought as scale invariant.
3.1 Critical situations for K 6= 0
To detect bifurcations, leading to the appearance of new roots of the poten-
tial, we look for the degenerate roots of (21). As a rst step, we just want to
nd these roots, leaving their detailed interpretation for the following para-
graphs. Such roots Xc exist only for certain critical values c of the energy
parameter , and can be found from:





The above system can be easily solved if one notices, that the potential (21)
is written in a factorized form: V = V1  V2/(2k2Y 2), with
V1  [(K − (1− k)X)2 − 4k2Y ], V2  [(K −X)2 − 4k2Y ] (32)
Then, if a solution Xc, c exists and is dierent from X = 0, it should be
either a double zero of V1 or V2, or a zero of both V1 and V2.
We start from nding a double zero of V2, which yields a system similar
to (31), where V is substituted by V2, that leads to:

(X −K)2 − 4k2Y = 0
2kX (X −K)− 4k2Y = 0
(33)






For Xc1 to be positive, K and δ must have the same sign, so this bifurcation
pertains to the physical region only for the cases K > 0, k < 1/2 and
K < 0, k > 1/2 (it is easy to check that substitution of (34) into (27) turns
the latter into an identity). Another solution, X = K,  = 0, corresponds
to the situation when the negative vortex merges with one of the two others,
reducing the system to a two-vortex case. Notice that Xc1 diverge as vortex
strength collapse condition (10) is approached (δ ! 0, k ! 1/2), which
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announces a special behavior of the case δ = 0, requiring a special treatment.
Double zeros of V1 are found in the same manner. After some algebra we
obtain: 
Xc2 = Xc1/ (1− k)
c2 = (1 + 2δ)c1/2
(35)
and a solution X = K/(1 − k),  = 0 for the merged situation. Being
proportional to Xc1, Xc2 diverges in the same manner as δ ! 0, and requires
sign of K and δ to be the same, in order to lie in a physical range. It also
diverges when k ! 1, as we have mentioned earlier, this is the case of a
scattering of a neutral vortex pair on a vortex, which is out of the scope of
the present paper. Finally we note, that since V1 is proportional to the area
of the vortex triangle A, the critical equilibrium position Xc2 corresponds
to an aligned vortex conguration; in a similar manner we deduce that Xc1
corresponds to an equilateral conguration [20, 24].
A third possibility, when both V1 = 0 and V2 = 0, leads to the following
system: 
(X −K)2 − 4k2Y = 0
(K − (1− k)X)2 − 4k2Y = 0
(36)
which yields: 
Xc3 = 2K/(2− k)
c3 = [K/ (3 + 2δ)]
−2δ /4 .
(37)
This critical case also corresponds to an aligned conguration, where the
negative vortex of strength −k is in the middle between the two identical
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vortices. In near collapse situation 2 − k > 0, and since Xc3 has to be
positive, this critical situation appears only for positive total vortex angular
momentum K > 0. Here a merged solution also exists (X = 0,  = +1),
which corresponds to the merging of the two identical vortices. We also
notice that the divergence of Xc3 for k = 2 corresponds to a special case of
a neutral tripole, when the total vorticity is zero, and the center of vorticity
is not dened.
Now we turn our attention to the three dierent specic cases distin-
guished by the sign of K. For each case, we will indicate which of the above
found bifurcations do occur, and study the phase space trajectories of the
eective Hamiltonian (22) for dierent regimes.
3.2 The case K > 0, k 6= 1/2
From the previous section, we know that the number of critical energies for
this case depends on the sign of δ, i.e. whether k > 1/2 or k < 1/2. A
special case k = 1/2, δ = 0 will be treated separately. We start from the
case k < 1/2, when all three critical cases (34), (35), (37) belong to the
physical region. If we keep the value of k xed, and vary the energy, we will
encounter various motion regimes, separated by the three critical energies.
To illustrate the critical situations we plotted the potential V as a function
of X for the three dierent critical energies for k = 0.2 in Fig. 2. The critical
energy c1 corresponds to the maximum possible value for which motion
can exist; for  = c2 an unstable equilibrium (saddle point) appears, and
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motion becomes aperiodic; and in the last case of  = c3, another saddle
point appears right on the border of the physical region (corresponding to
unstable aligned conguration).
Motions regimes for dierent energy ranges are listed below:
1.  > c1 Motion impossible.
2. c1 >  > c2 The potential has 2 zeros in the physical region, there
exists a single type of periodic motion (see Fig. 3). When  ! c2, the
period diverges logarithmically T ()  1/2 ln j−c2j (see Fig. 5) due
to proximity of a saddle-point; motion acquires typical near-separatrix
character of relatively short velocity pulses separated by long stays in
the saddle-point vicinity.
3. c2 >  > c3 The potential has 4 zeros and two dierent types of
periodic motion exist (see Fig. 4). Their period diverges as T () 
1/4 ln j− c2j when  approaches c2, Fig. 5.
4. c3 >  The potential has 4 zeros and two dierent types of periodic
motion exist (see Fig. 6). As  ! c3 (from both sides), the small-
scale branch approaches a near-separatrix regime, its period diverges
as T ()  ln j− c3j, for  = c3 this branch becomes aperiodic.
For the case k > 1/2 only the critical value of Xc3 lies in the physical
region, and only one regime of periodic motion exists (see Fig. 7).
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3.3 The case K < 0, k 6= 1/2
When the total vortex angular momentum is negative, the critical root (37)
lies outside the physical region, and therefore we expect less variety of motion
types. Otherwise, this case is similar to the K > 0 case, in the sense that
most phenomena described for K > 0 occur, but in a reverse order; for
instance, when k > 1/2 we have three dierent regimes, which are analogue
to the regimes of K > 0, k < 1/2 case. The dierent regimes, illustrated by
their phase portraits, are listed below:
1.  < c1 Motion impossible.
2. c2 <  < c1 The potential has 2 zeros and a periodic motion is
possible (see Fig. 8). In vicinity of a saddle point (  c2) motion
period diverges in the same way as in K > 0 case.
3. c2 <  The potential has 4 zeros and two dierent periodic motions
are possible (see Fig. 9).
On the other hand the situation when k < 1/2, is analogous to the K > 0
and k > 1/2 situation. Namely, non of the critical values are physical, and
we have only one type of periodic motion for all range of energies, see Fig. 10.
Now all the possible generic situations being described, we will proceed
to the important singular cases K = 0 or k = 1/2.
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3.4 The case K = 0.
In this situation any rescaling of length does not aect the value of K, and
it is only the value of  that controls motion scales in the system. The
expression for the eective potential V (X) can be considerably simplied. It











(U − 1) . (39)
The zeros are simple and the dierent conditions imposed on X imply a
motion conned between
1  U  1
(1− k)2 , (40)
In this situation double zero do not occur. Note that for exact collapse case,
k = 1/2, transformation to new variable (38) is singular and does not work.
In this case the potential V (X) is constant; its value is negative only in a
range of energies  2 [1/2, 1], which means, that collapse congurations have
their conned to this interval. We will return to the discussion of collapse
congurations in section 4.
In this singular case, to visualize the approach to collapse (k ! 1/2),
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it is better to have k uctuating and  xed. This is due to the fact that,
when k = 1/2, which corresponds to the merging conditions, the motion is
possible only within a range of energies 2 >  > 1. The phase portrait
of trajectories taken for dierent values of k is shown in Fig. 11 and Fig. 12.
These two gures are taken close to the values  = 1/2 and  = 1; we notice
for the k = 1/2 case two straight lines corresponding to the two possible
motions of expansion or collapse. Note, that when  /2 [1/2 , 1] a collapse
cannot occur, which means that the trajectories for k < 1/2 and k > 1/2 are
similar to those shown in Fig. 11, but do not intersect on the top view.
3.5 The case k = 1/2
This special case corresponds to scale invariance, meaning that any length
can be rescaled without changing the energy of the system. Therefore the
energies of the critical situations should not depend on the value of K, which
is scale dependent. The eective potential is now simply a fraction of poly-
nomial and can be rewritten as
















2(1/2 + )(1/2− )(1 + )(1− )
22
. (43)
We have three critical values, the rst two c1 = 1 and c2 = 1/2 correspond
to the divergence of one root, while the third c3 = 1/4 corresponds to a
double root situation X2 = X3. Depending on the sign of K we have the
following allowed supports:
1. K > 0 and  < c3 implies X1 > X > X2. The potential V (X) for
the critical situation  = 1/4 is illustrated on Fig. 13. As we approach
collapse (K ! 0) this motion vanishes.
2. K > 0 and c3 <  < c2 implies X1 > X > X3. The potential
V (X) for the critical situation  = 1/2 is illustrated on Fig. 14. As
we approach collapse (K ! 0) this motion also vanishes. Nevertheless
this case is interesting as an aperiodic motion very close to collapse is
reached as  ! 1/2. The period of the motion as a function of j−1/2j
is shown in Fig. 15. It diverges according to a power law:
T  (− 1/2)−3/2 , (44)
(see the Appendix for its derivation). Phase space portraits of the
trajectories are illustrated in Fig. 16.
3. K > 0 and c2 <  < c1, then X > X3. This motion is the closest to
the collapse, as innite expansion is possible, but X is bounded from
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below. In this situation we may see a collapse course, which rebounds
on X3 and goes for an innite expansion. As we approach collapse
(K ! 0) X3 ! 0, and depending on the sign of _X a full collapse can
occur.
4. K > 0, c1 <  and K < 0,  < c2 motion impossible.
5. K < 0 and c2 <  < c1 , then X > X1. We have a similar situation
as the one discussed for the K > 0 and c2 <  < c1.
6. K < 0 and c1 < , then X3 > X > X1. Here we can anticipate a
similar situation as the one discussed for the K > 0 and c3 <  < c2.
4 Collapse scenarii
As we have mentioned earlier, for the collapse to happen, two "resonance con-
ditions" have to be satised. First, the sum of the vortex strengths inverses
have to be zero. This condition does not impose any geometrical restrictions
on vortex positions, for a given system of vortices it is either satised or
not. Initial positions leading to collapse are specied by the second collapse
condition, K = 0. It also denes the range of energies, for which the self-
similar dynamics can occur (for k = 1/2), but does not tell in which direction
(collapse or expansion) it will go.
For a given vortex conguration, let us consider a coordinate system
with x-axis passing through the two positive vortices (k1 = k2 = 1) and an
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Figure 2: The potential V (X) for the three critical cases. k = 0.2. For
 = c1 the motion appears, for  = c2 two motions are possible, and for
























Figure 3: Phase space portrait close to c1 for dierent energies for the case
K = 1 and k = 0.2. The bottom gure is the top view of the upper one.
Once the rst critical situation is reached a motion is possible.
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Figure 4: Phase space portrait close to c2 for dierent energies for the case
K = 1 and k = 0.2. The bottom gure is the top view of the upper one.
Once the second critical situation is reached, the single possible trajectory
reaches the separatrix, and the splitting in two possible motions occurs.
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Figure 5: Period of the motion versus energy (dh = jH(X)−Hc2j) for k = 0.2
close to  = c2. We notice the logarithmic behavior of the divergence, we
note also that the sum of the slopes of the two right branches (lower) is equal
to the slope of the left branch (upper).
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Figure 6: Phase space portrait for  = c3 for the case K = 1 and k = 0.2.
A splitting occurs like for  = c2 but the triangle conditions prevent the
existence of a third branch. We notice the sharp angle at X = Xc3 .
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Figure 7: Phase space portrait for dierent values of  in the case K = 1 and
k = 0.55. The bottom gure is the top view of the upper one. The motion
remains periodic. As  increases, we notice the growth of the range of length
scales explored by the motion.
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Figure 8: Phase space portrait close to c1 for dierent values of  in the
case K = −1 and k = 0.55. The bottom gure is the top view of the upper
one. Once the rst critical situation is reached a motion is possible.
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Figure 9: Phase space portrait close to c2 for dierent values of  in the case
K = −1 and k = 0.55. The bottom gure is the top view of the upper one.
Once the second critical situation is reached, the single possible trajectory
























Figure 10: Phase space portrait for dierent values of  in the case K = −1
and k = 0.2. The bottom gure is the top view of the upper one. The value
of  determines the typical length scale of the periodic motion (the value of
K is xed).
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Figure 11: Phase space portrait close to c2 for dierent values of k in the case
K = 0. The bottom gure is the top view of the upper one.For this singular
case we notice the two lines at k = 1/2 corresponding one to collapse and
one to innite expansion. On the projection plot (bottom), the trajectories
k < 1/2 and k > 1/2 seem to intersect on those two lines. For  < c2
collapse is not possible, and the trajectories do not intersect. We notice that
close to the collapse condition k = 1/2, the values k < 1/2 describe a collapse
motion, while k > 1/2 describes the expansion motion.
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Figure 12: Phase space portrait close to c1 for dierent values of k for
the case K = 0. The bottom gure is the top view of the upper one.For
this singular case we notice the two lines at k = 1/2 corresponding one to
collapse and one to innite expansion. On the projection plot (bottom),
the trajectories k < 1/2 and k > 1/2 seem to intersect on those two lines.
For  > c1 collapse is not possible, and the trajectories do not intersect.
We notice that close to the collapse condition k = 1/2, the values k < 1/2











Figure 13: The eective potential V (X) in the singular case k = 1/2 (δ = 0)
for the critical energy corresponding to  = 1/4: the double root case.
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Figure 14: Evolution of the eective potential V (X) in the singular case
k = 1/2 (δ = 0) within the energy range corresponding to possible collapse







Figure 15: Period of the periodic motion ( < 1/2) motion versus j− 1/2j
in the singular case k = 1/2 (δ = 0). We notice a power-law divergence
of the period as we approach collapse. The measured exponent is 3/2. See
appendix A for the analytical computation.
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Figure 16: Phase space portrait for dierent values of  close to c = 1/2,
in the case K = 1 and k = 1/2 (δ = 0). The bottom gure is the top view
of the upper one. We notice the singular evolution of the motion to larger
scales as  approaches c.
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origin in the middle between them, so that positive vortices have coordinates
(−d/2, 0) and (d/2, 0), where d is the distance between them. Denoting the
coordinates of the third vortex by (x, y) we can rewrite the condition K = 0
as




i.e. third vortex has to lie on a "critical circle" centered at the midpoint
between the two positive ones, with a radius (d/2)
√
2/k − 1.
In the resonant case k = 1/2, the critical circle represents a set of initial
conditions leading to a self-similar collapse or expansion. Level lines of 
cross the circle in four points for  2 [1/2; 1], see Figure 17. These points
are reections of each other in the coordinate axes, this symmetry leads the
coordinate axis to divide the plane in four dynamically equivalent quadrants.
A reection of a vortex conguration is equivalent to changing the direction
of time, so that points in adjacent quadrants have opposite directions of their
dynamics. From the original equations (8), we deduce, that the parts of the
critical circle lying in the I and III quadrants lead to a nite-time collapse,
and those in II and IV quadrants to an innite self-similar expansion.
Four intersections of the critical circle with the coordinate axes are equi-
librium positions, where  reaches its limiting values (on the circle); the
maximum value  = 1 corresponds to the equilateral triangle, and the mini-
mum  = 1/2 to collinear conguration.
We dene a rate of collapse as a rate of change of the squared distance
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between the two positive vortices, i.e. as
_X. In this case, self-similar motion
will have constant rate of collapse. Indeed, vortex velocities are inversely
proportional to the inter-vortex distances, so that
_X = 2R1 _R1 is independent




4(1− 2)(1/4− 2), (46)
it tends to zero when  approaches one of the equilibrium values  = 1/2, 1.
In general, approaching collapse means taking the limits K ! 0 and
k ! 0.5. These limits are not commutative, and for certain situations, the
result depends on how the limits are taken, e.g. these limits may induce
the divergence of Xc1,2 or set them to zero or any value. Therefore a three
vortex system can approach collapse in a number of dierent ways. For
instance, if we take one limit after another, we can obtain the properties of
the motion from the cases listed in 3.4 and 3.5. It is also interesting to
study some of the scenarios, when the limits K ! 0+− and k ! 0.5+− are
taken simultaneously, leading to an interplay of dierent situations, described
in the previous section. As an example, consider a limit K ! 0+, k ! 0.5−
taken along the line K/δ = C, where C is a constant. In this case, the
saddle-point critical values (Xc2,c2 tend to (C, 1/2), i.e. the scale of the
inner potential well (bounded by Xc2) stay the same. At the same time the
outer potential well spreads to innity (see Fig 4 and Fig. 11), and we have
a situation, when two types of motion, corresponding to the same value of
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vortex energy, have entirely dierent length scales.
5 Tracer advection near collapse
As we have mentioned, a prominent feature of near collapse dynamics is a
generation of new length scales, which can dier from the length scale of the
original conguration by orders of magnitude (see for instance (44)). This
property has a strong inuence on the mixing properties of the vortex ow.
As an illustration, we compare the motion of passive particles (tracers) in a
velocity eld of a near collapse conguration, with that in a typical far from
collapse ow. A stream function of the ow, induced by moving vortices
can be written as:




ln jx− xi(t)j (47)
corresponding equations of tracer motion are:
dr(t)
dt
= ez ^ rψ (48)
where r(t) denotes tracer position vector. Vortex trajectories xi(t) are peri-
odic in a corotating reference frame, where (48) have a structure of a Hamilto-
nian system with 11/2 degrees of freedom [17, 29], so in a generic three-vortex
ow some of the tracer trajectories are regular, and some are chaotic. To visu-
alize advection patterns, we numerically construct Poincare section of tracer
trajectories (in a corotating frame), which is an expedient tool for estimation
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Figure 17: The approach to collapse. Initial positions available for the vortex
with negative strength. The two vortex with strength 1 are xed, and located
by the two thick points on the plot. Circles refer to dierent values of the
constant K, while the oval curves correspond to dierent values of . The
shaded region correponds to initial conditions leading to the aperiodic innite
expansion type of motion.
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of the degree of chaotization of advection, location of the main structures
in the chaotic regions, etc. In Fig. 18, an example of an advection pattern
of a far from collapse ow is presented. A large connected mixing region,
regular cores around vortices, elliptic islands are typical elements of a tracer
phase space in three-vortex ows [17, 29]. Two most important length scales
in the advection pattern, associated with its robust features, are the outer
radius of the mixing region and the radii of vortex cores. Generally, these two
scales are comparable (their ratio is about one order of magnitude or less).
However in advection patterns of near collapse vortex congurations, these
length scales become considerably dierent, as the core radii tend to zero
when approaching collapse see Fig. 19. The gures Fig. 18 and Fig. 19 are
showed to emphasize that tracers chaotic dynamics in the near collapse case,
is dierent than the dynamics without collapse. A more detailed analysis
will be described in another article.
6 Conclusion
The behavior of a three point vortex system in a near collapse state, studied
in this paper, shows a number of nontrivial dynamical features, that may play
an important role in studies of more general two-dimensional ows. In par-
ticular, a possibility of vorticity concentration allows one to speculate on the
fact that the collapse situation exhibits some basics mechanisms which could
trigger 2D turbulence, and in the same spirit, raise the question whether or
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not the statistics made out of the Grand Canonical Ensemble are physically
relevant. The study of vortex motion near the critical situations, has also
revealed itself interesting in exhibiting non-generic power-law growth of the
period in 3.5. The scale invariance property of the collapse congurations,
implies the possibility of new length scale generation. In the vicinity of the
degenerate cases observed in 3.2 and 3.3, a small perturbation, for instance
a sound wave, or corrections to the vortex Hamiltonian due to nite vortex
size, would allow to jump from one motion type to the other. Since the two
motion types correspond to very dierent length scales, these jumps could
be associated with vortex collapse or vortex splitting.
Another consequence of the peculiar character of near collapse dynamics
concerns properties of passive particle advection in the ows generated by
such systems. In this paper we limit ourselves to a short illustration of
how the approach to collapse inuences a degree of tracer mixing; a more
detailed study of this topic will be presented elsewhere. For instance, it
is interesting, how the scale invariance of the Hamiltonian in case δ = 0,
aects tracer phase space topology, which is then dened solely by the value
of K. To conclude, we emphasize once again the fact, that near collapse
dynamics comprises several types of motion. Their time and length scales
dier considerably, depending on the way the collapse conditions are violated,
which makes a problem of an eect of small perturbations on self-similar
contracting (unstable) spiral motion very interesting.
46
A Power-law divergence
From the eective Hamiltonian (22) the period of the motion in the case








where X1 and X3 are dened in (42). To obtain the asymptotic expression






 4λ−1/2X1 , (50)
using the expression (42) for X1 and (43) for λ, we obtain the asymptotic











The period diverges as (1/2−)−3/2 when  approaches the collapse value
of 1/2, and K 6= 0.
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Figure 18: Far from collapse δ = 0.4. Poincare section of 253 passive tracers
in the ow eld generated by three point vortex. The run is over 4000
periods. The constant of motions are  = 0.9, K = 0. The vortex strengths
are (−0.1, 1, 1). The period of the motion is T = 6.59.
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Figure 19: Far from collapse δ = 0.09. Poincare section of 253 passive
tracers in the ow eld generated by three point vortex. The run is over
4000 periods. The constant of motions are  = 0.9, K = 0. The vortex
strengths are (−0.41, 1, 1). The period of the motion is T = 36.86.
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